Abstract. We find a decomposition of the local Bayer-Macrì map for the nef line bundle theory on the Bridgeland moduli spaces over surfaces and obtain the image of the local Bayer-Macrì map in the Néron-Severi group of the moduli space. The geometric meaning of the decomposition is given. From the decomposition, we obtain a precise correspondence between Bridgeland walls and Mori walls. As an application, we solve a problem raised by Arcara, Bertram, Coskun, Huizenga (Adv. Math. 235(2013), 580-626) on the Hilbert scheme of n-points over projective plane.
1. Introduction 1.1. Background. To understand the physical notion of Π-stability for Dirichlet branes [Dou02] in string theory, Bridgeland [Bri07] introduced stability conditions on triangulated categories. Let S be a smooth projective surface over C and D b (Coh(S)) be the bounded derived category of coherent sheaves on S. In mathematical aspect, since the triangulated category D b (Coh(S)) has more objects and morphisms than the abelian category Coh(S), the geometry of Bridgeland moduli space of complexes is richer than the geometry of the Gieseker moduli space of sheaves, and some hidden structures in classical geometry will be clear in the Bridgeland's setting.
Bridgeland [Bri07, Bri08] firstly constructed a family of stability conditions when S is a K3 or an abelian surface. Arcara and Bertram [AB13] extended the construction to any smooth projective surface. Denote these stability conditions by σ ω,β , which depend on the choice of two line bundles ω, β on S, with ω ample. Such stability conditions are geometric (see Remark 2.9), i.e. skyscraper sheaves are of phase 1 and stable. Fix the Chern characters ch = (ch 0 , ch 1 , ch 2 ), and assume that they are of the Bogomolov type, i.e. ch and Toda [Tod08] showed that there is a wall-chamber structure in the stability manifold Stab(S) with respect to ch. Maciocia [Mac14] showed that the walls for geometric stability conditions are nested semicircles in a suitable parameter space. The non-geometric stability conditions are constructed by Toda [Tod13, Tod14] .
Assume ch 0 > 0. The Bridgeland stability conditions σ ω,β in the large volume limit (i.e. ω 2 ≫ 0) are the same as the α-twisted ω-Gieseker stability conditions, where α := −β + line bundle on moduli space be written as determinant line bundle? In addition, the precise correspondence between Bridgeland walls and Mori walls is obtained by using the decomposition formula, as well as Maciocia's theorem on the structure of Bridgeland walls. Furthermore, our formula also gives a direct link from the ample cone of the surface to the ample cone of the moduli space over such surface, which links the geometry of the surface to the geometry of the moduli space. Further applications on computing ample cones of some moduli spaces will be given elsewhere.
1.2. Summary of main results. To state our results precisely, we introduce some notations. Let S be a smooth projective surface over C. Let σ ω,β = (Z ω,β , A ω,β ) be the Bridgeland stability condition constructed by Arcara b (M σ (ch) × S) of σ-semistable objects with invariants ch parametrized by a proper algebraic space M σ (ch) of finite type over C, we then denote the Mukai morphism by θ σ,E , and denote L := −θ σ,E (m(L, ch)) and −B := − β + θ σ,E (w(ch)). We get the following decomposition formula of the local Bayer-Macrì map. The line bundle class ω induces the Gieseker-Uhlenbeck (GU) morphism from the α-twisted ω-semistable Gieseker moduli space M (α,ω) (ch) to the Uhlenbeck space U ω (ch). The divisor B is the α-twisted boundary divisor of the induced GU morphism. Moreover, if σ ω,β is a generic stability condition (i.e. not in a wall with respect to ch), then the image of the Bayer-Macrì map in NS(M σ ω,β (ch)) is of rank one more than the Picard number of the surface.
To state the next result, we use Maciocia's notation. The details are given in Section 2.5. Fix a triple data (H, γ, u), where H is an ample divisor on S, γ ∈ H ⊥ , (i.e. γ is another divisor on S, and the intersection of the two divisors vanishes H.γ = 0), and u is a real number. Take ω = tH and β = sH + uγ. Then Bridgeland walls are nested semicircles with centers C(ch, ch ′ ), 0 in the (s, t)-half-plane Theorem 1.2. (The Bridgeland-Mori correspondence for geometric Bridgeland stability conditions and ch 0 > 0, Theorem 6.1.) Assume ch 0 > 0 and assume there is a flat family E as above. Then u(ch) ∈ v ⊥ and there is a correspondence from the Bridgeland wall W (ch, ch ′ ) on Π (H,γ,u) to the nef line bundle on the moduli space M σ (ch):
where B 0 := −θ σ,E (u(ch)) is the (untwisted) boundary divisor from the ω-semistable Gieseker moduli space M ω (ch) to the U ω (ch).
As an application, we solve a problem raised by Arcara, Bertram, Coskun, Huizenga [ABCH13] on the Hilbert scheme of n-points over projective plane in Corollary 6.5.
Above results are for objects support in dimension 2, i.e. the ch 0 = 0. Similar results for objects support in dimension 1 are given as follows. Assume ch 0 = 0 and ch 1 .H > 0. Recall the center (C, 0) is then fixed, where C = z+duy2 gy1
as in Section 2.5. The radius R σ of the potential wall W (ch, ch ′ ) is given by the relation R
which is independent of potential destabilized Chern characters ch ′ . Denote L 0 := θ σ,E (0, 0, −1) and T := θ σ,E (t(0, ch 1 , ch 2 )). 
where (0, 0, −1), t(0, ch 1 , ch 2 ) ∈ v ⊥ . In particular r = ch ′ 0 = 0 and the coefficient of (0, 0, −1) is expressed in terms of potential destabilized Chern characters ch ′ = (r, c 1 H + c 2 γ + δ ′ , χ):
Moreover, there is a correspondence from the Bridgeland wall to the nef line bundle on the moduli space M σ (ch):
where L 0 induces the support morphism, which maps a pure 1-dimensional sheaf to its support.
Outline of the paper. Section 2 is a brief review of the notion of Bridgeland stability condition. The key ingredient is an explicit formula (2.13) to express the central charge in terms of the Mukai bilinear form. Section 3 is a brief review of Bayer and Macrì's line bundle theory on Bridgeland moduli spaces. In Section 4, "wall-crossing" proof of the existence of the Gieseker-Uhlenbeck morphism for ch 0 > 0, and the existence of the support morphism for ch 0 = 0, ch 1 .H > 0 are given respectively, which serve as the geometric background of the decomposition formulas in Section 5. We prove Theorem 1.3 and Theorem 1.1 in Section 5, and prove Theorem 1.2 in Section 6. As an application, we give a positive answer to Arcara-Bertram-Coskun-Huizenga's problem in Corollary 6.5. Some background for Section 4 is given as Appendix A.
Notation. By abuse of notation, we do not distinguish a Cartier divisor D from its associated line bundle O(D). For a complex number z ∈ C, the real part and imaginary part of z are denoted by ℜz and ℑz respectively. Denote the Néron-Severi group of a scheme X by NS(X). The Q-Cartier divisor and R-Cartier divisor are denoted by NS(X) Q and N 1 (X) := NS(X) R respectively.
Derived dual. Let us recall some properties of the derived dual. Let S be a smooth projective surface. For an object E ∈ D b (S), define the derived dual object as
Moduli spaces. Fix the Chern characters ch = (ch 0 , ch 1 , ch 2 ) ∈ H * (S, Q). Choose ω, β ∈ N 1 (S) with ω ample. Denote
s. locally free sheaves with invariant ch.
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Bridgeland stability conditions
Let S be a smooth projective surface over C and D b (S) be the bounded derived category of coherent sheaves on S. Denote the Grothendieck group of
• a heart A of a bounded t-structure on D b (S); • a group homomorphism (called the central charge) Z : K(S) → C; satisfying the following three properties (see e.g. [BM14a] for details):
• Positivity: Z(A \ {0}) ⊆ R >0 · e (0,1]·iπ ; • Harder-Narasimhan property;
• Support property.
2.1. Arcara-Bertram's construction. Denote the ample cone of S by Amp(S) and the Néron-Severi group of S by NS(S). Fix ω, β ∈ NS(S) Q := NS(S) ⊗ Z Q with ω ample. Arcara and Bertram [AB13] constructed a family of stability conditions σ ω,β = (Z ω,β , A ω,β ), which generalized Bridgeland's construction on K3 or Abelian surfaces. By using the support property, the construction extended to ω, β ∈ N 1 (S) := NS(S) R . The positivity of the central charge is proved by using the Bogomolov inequality and the Hodge index theorem, and the heart is a tilting of Coh(S) according to the imaginary part of Z ω,β .
We often simply write Z ω,β as Z. Using the short notation ch i = ch i (E), we have
Define the phase φ(E) :
2 )), for nonzero E, F ∈ A, we have the equivalent relation:
For 0 = E ∈ A, we say E is Bridgeland stable (semistable respectively) if for any subobject 0 = F E (0 = F ⊆ E respectively), µ σ (F ) < µ σ (E) (≤ respectively).
2.1.2. Torsion Pair. We refer to [HRS96] for the general torsion pair theory. The following two full subcategories T ω,η and F ω,η of Coh(S) are defined according to the imaginary part of Z(E). For E ∈ Coh(S), denote the Mumford slope by (2.5)
Denote the intersection number η := ω.β. If ch 0 (E) = 0, we can rewrite the imaginary part of Z:
For any E ∈ Coh(S), we have a unique torsion filtration ( [HL10] ) and the exact sequence 0 → E tor → E → E fr → 0, where E tor is the maximal subsheaf of E of dimension ≤ dim S−1, and E fr is torsion free. The sheaf E is called pure if E tor = 0. Let us denote the Harder-Narasimhan filtration of E ∈ Coh(S) with respect to the Mumford µ ω -stability by
Definition 2.1.
[AB13] For an ample line bundle ω and a fixed real number η, two subcategories T ω,η and F ω,η are defined as follows:
(TP1) Hom Coh(S) (T, F ) = 0 for every T ∈ T ω,η and F ∈ F ω,η ; (TP2) Every object E ∈ Coh(S) fits into a short exact sequence 0 → T → E → F → 0 with T ∈ T ω,η and F ∈ F ω,η .
2.1.3. Bridgeland Stability Conditions on Surfaces. Define the heart as the tilt of the torsion pair:
Notation 2.3. We will also write A ω,η as A ω,β if we want to emphasize that (2.6) η = ω.β.
Remark 2.4. Since µ tω = tµ ω , it is clear that A tω,β = A ω,β for t > 0. By the general torsion pair theory, we obtain that T ω,η = A ω,η ∩ Coh(S) and
Lemma 2.5. [AB13, Corollary 2.1] Fix ω, β ∈ NS(S) R with ω ample. Then σ ω,β := (Z ω,β , A ω,β ) is a Bridgeland stability condition.
Proof. We refer to the original proof and sketch the key steps for the positivity. Let E ∈ A. If ch 0 (E) = 0, then E ∈ T . So either E supports in dimension 1 and ℑ(E) = ω.ch 1 (E) > 0, or E supports in dimension 0 and
We now consider the case that E = F [1] with F ∈ F and µ ω−max (F ) − η = 0. We can also assume that µ ω (F ) − η = 0, otherwise µ ω (F ) − η < 0 and then
The general element E ∈ A is in the extension closure F ω,η [1], T ω,η Ext and hence satisfies the positivity.
By some physical hints (e.g. [Asp04, Section 6.2.3]), the central charge is often taken as (e.g. [Bri08, BM14a] 
Using the short notation ch i = ch i (E) again, if ch 0 = 0, we havê
To show that (Ẑ ω,β , A ω,β+ 1 4 KS ) is a Bridgeland stability condition, the proof of Lemma 2.5 breaks down unless we assume that (2.8)
• Assume (2.8) holds. Then (Ẑ ω,β , A ω,β+ 1 4 KS ) is a Bridgeland stability condition. If we use the central chargeẐ tH,β for a fixed ample line bundle H, we can take t large enough, but we should be careful by taking t → 0. Bridgeland originally used a weaker assumption and a different proof to show the positivity ofẐ tH,β in the case that S is a K3 surface.
• [Bri08, Lemma 6.2] Let S be a K3 surface. IfẐ ω,β (F ) / ∈ R ≤0 for all spherical sheaves F ∈ Coh(S) (this holds when we assume (2.8), i.e. ω 2 > 2), then (Ẑ ω,β , A ω,β ) is a Bridgeland stability condition. In particular, we can take t → 0.
2.2. Logarithm Todd class. We already met td(S). For the computational convenience, we introduce the logarithm Todd class as follows. Let X be a smooth projective variety over C. Let us introduce a formal variable t, and write
Then taking the logarithm with respect to t, and expressing it in the power series of t, we obtain ln td(X)(t)
Definition 2.6. For a smooth projective surface S or a smooth projective 3-folds X, we define the logarithm Todd class as follows:
For the surface S, recall the Noether's formula χ(
, we obtain the equivalent Noether's formula:
Example 2.7. We consider the following special cases.
• X is a Calabi-Yau 3-folds. We have ln td(
2.3. The Mukai bilinear form. We refer [Huy06, Section 5.2] for the details. We still denote X a smooth projective variety over C. Define the Mukai vector of an object E ∈ D b (X) by
. Let A(X) be the Chow ring of X. The Chern character gives a mapping ch :
There is a natural involution * : A(X) → A(X), a → a * which takes the degree i-th summand as the multiplication by (−1) The Hirzebruch-Riemann-Roch theorem gives
Now let us consider X = S a smooth projective surface. Denote the Mukai vectors by its component,
By (2.10) the Mukai paring of w = (w 0 , w 1 , w 2 ) and
A direct computation shows that Mukai pairing in the surface case is symmetric if and only if the K S is trivial.
Central charge in terms of the Mukai bilinear form.
It is already known, as Remark 2.9, the central charge constructed by Bridgeland in the case of K3, and by Arcara-Bertram in general smooth projective surface, can be represented by a Mukai bilinear form. The key observation is to express it explicitly. The further decomposition formula is based on this expression.
Lemma 2.8. The central charges in terms of Mukai bilinear form are given as follows:
Here the exponential notation for ℧ Z means that
(S).ch(E). td(S).
Denote ch(
Therefore,
1 24 ch2(S) . By using the Noether's formula (2.9) and direct computation, we get the concrete expression of ℧ Z . Similarly, we obtain ℧Ẑ = e
we further assume the numerical Bridgeland stability factors through
is said to be geometric if all skyscraper sheaves O x , x ∈ S, are σ-stable of the same phase, and we can set the phase to be 1 after a group action. For numerical geometric stability conditions with skyscraper sheaves of phase 1 on surfaces, the heart A must be of the form † (S) ⊂ Stab(S) be the connected component containing U (S). Now we have π(σ ω,β ) = ℧ Z ∈ H * alg (S, Q) ⊗ C, and σ ω,β ∈ U (S). Recall in [Bri09, BB13] that a numerical stability condition σ is called reduced if the corresponding π(σ) satisfies π(σ), π(σ) S = 0. By the basic computation, we obtain that
2.5. Maciocia's theorem on the structure of the walls. We follow the notation in [Mac14, Section 2] (but use H instead of ω therein). Fix an ample divisor H and another divisor γ ∈ H ⊥ . Choose ω := tH, β := sH + uγ for some real numbers t, s, u, with t positive. There is a half 3-space of stability conditions
which should be considered as the u-indexed family of half planes Π (H,γ,u) := {σ tH,sH+uγ | t > 0, u is fixed.}. Now fix the triple (H, γ, u), and consider the stability conditions on the half plane Π (H,γ,u) with coordinates (s, t). Fix the Chern characters ch = (ch 0 , ch 1 , ch 2 ) := (x, θ, z) and assume that ch 2 1 − 2ch 0 ch 2 ≥ 0. Decompose θ = y 1 H + y 2 γ + δ, where δ ∈ H, γ ⊥ , and y 1 , y 2 are real coefficients. Write the potential destabilized Chern characters as ch 
By nested we mean that if W 1 and W 2 are two distinct (semicircular) potential walls in Π (H,γ,u) then either W 1 is entirely contained in the interior of the semicircle W 2 or vice-versa.
•
• If ch 0 = 0 and ch 1 .H > 0, i.e. x = 0 and y 1 > 0, then the center (C, 0) is independent of ch ′ , and C = z+duy2 gy1 . The following lemma is an easy exercise.
Lemma 2.11. Denote W (ch, ch ′ ) the potential wall with respect to ch for the potential destabilized Chern characters ch
It may happen that for Chern characters ch ′ , ch ′′ , where ch ′′ is linearly independent of ch ′ and ch − ch ′ , the walls coincide W (ch, ch ′ ) = W (ch, ch ′′ ). Then at the wall, the contracted loci have several connected components, for example [BM14b, Example 14.4]. Proof. This is a variation of Martinez's duality theorem, where the duality functor is taken as RHom(·, ω S )[1].
Corollary 2.13. Use the same notation as in Section 2.5. Let σ := σ ω,β be a stability condition with respect to ch = (ch 0 , ch 1 , ch 2 ), and assume that Z ω,β (ch) belongs to the open upper half plane. Then Φ(σ) := Φ(σ ω,β ) = σ ω,−β is the dual stability condition with respect to Φ(ch) := −ch * = (−ch 0 , ch 1 , −ch 2 ). Applying Φ again, we obtain Φ(σ ω,−β ) = σ ω,β with respect to Φ(−ch * ) = ch.
• If σ ∈ C, where C is a chamber with respect to ch, then we have Φ(σ) ∈ DC, where DC is the dual chamber with respect to Φ(ch).
, and there are relations
Proof. The proof is a direct computation.
Remark 2.14. The assumption that Z ω,β (ch) belongs to the open upper half plane means exactly that we exclude the case ℑZ ω,β (ch) = 0, which is equivalent to the following three subcases:
• ch = (0, 0, n) for some positive integer n; or • ch 0 > 0 and ℑZ ω,β (ch) = 0; or • ch 0 < 0 and ℑZ ω,β (ch) = 0. We call the first subcase as the trivial chamber, the second subcase as the Uhlenbeck wall and the third subcase as dual Uhlenbeck wall. The details are give in Definition 4.8. 
where
is the Fourier-Mukai functor with kernel E, and O C is the structure sheaf of C.
Theorem 3.1. [BM14a, Theorem 1.1] The divisor class ℓ σ,E is nef on M . In addition, we have ℓ σ,E .C = 0 if and only if for two general points c, c ′ ∈ C, the corresponding objects E c , E c ′ are S-equivalent. Definition 3.2. Let C be a Bridgeland chamber with respect to ch. Assume the existence of the moduli space M σ (ch) for σ ∈ C and a universal family E. Then M C (ch) := M σ (ch) is constant for σ ∈ C. Theorem 3.1 yields a map,
which is called the local Bayer-Macrì map for the chamber C with respect to ch.
3.2. Decomposition of the local Bayer-Macrì map. For numerical geometric Bridgeland stability conditions as in Remark 2.9, a decomposition of the local Bayer-Macrì map is given in [BM14a] . For any σ ∈ Stab † (S), we can assume that σ = σ ω,β after a group action, i.e. skyscraper sheaves are stable of phase 1. Recall that σ ω,β = (Z ω,β , A ω,β ), and Z ω,β (E) = ℧ Z , v(E) S as in (2.13). For the fixed Chern characters ch, denote v := v(ch) = ch · e 1 2 ln td(S) the corresponding Mukai vector. The local Bayer-Macrì map is the composition of the following three maps:
• The first map forgets the heart: Z(σ ω,β ) := ℧ Z . This map is the dual version (with respect to Mukai paring) of the original Bridgeland map [Bri08, Section 8].
• The second map forgets more: for any ℧ ∈ H *
. The perpendicular is with respect to Mukai paring: The Mukai vector w ω,β (ch) is crucial for computing the local Bayer-Macrì map. We give a preliminary computation as follows.
Lemma 3.4. Fix the Chern characters ch = (ch 0 , ch 1 , ch 2 ). The line bundle class ℓ σ ω,β ∈ N 1 (M σ ω,β (ch)) (if exists) is a positive multiple of θ σ,E (w ω,β ), where w ω,β is given by
• If ℑZ(ch) = 0, then w σ 3.4. Duality and correspondent line bundles. Recall the Corollary 2.13. Now w ω,β (ch) ∈ v(ch) ⊥ and w ω,−β (−ch * ) ∈ v(−ch * ) ⊥ . Let E be a universal family over M σ (ch). Denote F the dual universal family over M Φ(σ) (−ch * ).
Lemma 3.5. Let σ := σ ω,β be a stability condition with respect to ch, and assume that Z ω,β (ch) belongs to the open upper half plane as Remark 2.14. Then
Proof. This is a consequence of isomorphism of the moduli spaces
3.5. Identification of Néron-Severi groups. Let σ ∈ C and τ ∈ C ′ be two generic numerical stability conditions in different chambers with respect to ch. Assume M σ (ch) and M τ (ch) exist with universal families E and F respectively. And assume that there is a birational map between M σ (ch) and M τ (ch), induced by a derived autoequivalence Ψ of D b (S) in the following sense: there exists a common open subset U of M σ (ch) and M τ (ch), with complements of codimension at least two, such that for any u ∈ U , the corresponding objects E u ∈ M σ (ch) and F u ∈ M τ (ch) are related by F u = Ψ(E u ). Then the Néron-Severi groups of M σ (ch) and M τ (ch) can canonically be identified. So for a Mukai vector w ∈ v ⊥ , the two line bundles θ C,E (w) and θ C ′ ,F (w) are identified. 
Large volume limit and natural morphisms
This section serves as the geometric background for the decomposition formulas in Section 5. Let us fix a triple of data (H, γ, u) as in Section 2.5, i.e. H is a fixed ample line bundle, γ ∈ H ⊥ is fixed, and u is a fixed real number. We take ω = tH for t > 0 and β = sH + uγ. By using Bayer-Macrì's nef line bundle theory, we give a wall-crossing proof of the existence of the support morphism if ch 0 = 0 and ch 1 .H > 0 (Proposition 4.11), and the existence of the Gieseker-Uhlenbeck (GU) morphism if ch 0 > 0 (Corollary 4.14). The results are well-known to experts, e.g. remarks after [BM14a, Theorem 1.4]. However, we give the details to fix some notations. Moreover, the line bundle which induce the support morphism or the GU morphism will be used in Section 5. The relation between the Bridgeland stability in the large volume limit and twisted Gieseker stability is recalled in Appendix A. 4.2. Moduli space for ω 2 ≫ 0. Fix ch = (ch 0 , ch 1 , ch 2 ). Lo and Qin [LQ14] studied moduli spaces M σ ω,β (ch) for ω 2 ≫ 0. Recall the equation (A.6) α := −β + 1 2 K S . We list the following three cases according to the dimension of the support of objects with invariants ch. By Remark A.6, objects with ch 0 ≥ 0 in A ω,β are pure sheaves for ω 2 ≫ 0.
4.2.1. Support in dimension 0. Suppose that E ∈ A ω,β is 0-dimensional and σ ω,β -semistable. Then ch(E) = (0, 0, n) for some positive integer n. Every object E with ch(E) = (0, 0, n) are σ-semistable with phase 1. And t > 0 is the only chamber in the (s, t)-half-plane. 
Support in dimension 1.
Suppose that E ∈ A ω,β is 1-dimension and σ ω,β -semistable. Then ch 1 (E).ω > 0. Note that ξ tH,β (F ) ≤ ξ tH,β (E) is equivalent to ξ H,β (F ) ≤ ξ H,β (E) for t > 0. For a fixed β, σ tH,β induce the fixed heart A H,β (see Remark 2.4) and equivalent central charge Z tH,β for t ≫ 0. 
And the (α, ω)-Gieseker semistability is the Simpson semistability defined by ξ H,β in equation (A.5).
It is clear that E in above moduli space is pure 1-dimensional sheaf. Otherwise the non-pure part is 0-dimensional and would Bridgeland destabilize E.
Support in dimension 2.
The nonzero rank cases are classified by Lo-Qin in the following three cases. We refer them as the Gieseker chamber case, the dual Gieseker chamber case, and the dual Uhlenbeck wall case. When H is clear from the context, we simply omit the H.
Remark 4.9. We continue the Remark 4.2. Let G := H −1 (E) be the locally free sheaf, and Q := H 0 (E) be the 0-dimensional sheaf. We have the canonical sequence
for stability σ tH,s>s0 ∈ DGC or σ tH,s=s0 ∈ DUW. The notation σ tH,s>s0 means σ tH,sH+uγ ∈ Π (H,γ,u) , with s > s 0 . Let
Recall that for the 0-dimensional sheaf Q, we have Q ∨ = P [−2] for a 0-dimensional sheaf P [Huy06, Corollary 3.40].
• For σ tH,s>s0 ∈ DGC ⊂ Π (H,γ,u) , by applying (·) ∨ [1] to the sequence (4.1), we obtain an exact triangle
− −→ P . Since G is a locally free sheaf, we have
And there is an exact sequence
and all objects are semistable of phase 1 in the heart A tH,s=s0 . We cannot directly apply (·) ∨ [1] to the equation (4.2). Otherwise, we would have
S−equi.
= ===== = F * * ⊕ P [−1]. However, P [−1] has phase 0 and will never be in a heart of Bridgeland stability condition. Similarly we cannot take t = +∞ in the Gieseker chamber. The hidden structure will be clear in Corollary 4.14.
4.4.
Simpson wall, dual Uhlenbeck wall. Let ω = tH for a fixed ample line bundle H. Let us consider the limit behavior t = +∞.
• For σ tH,sH+uγ ∈ SC, we can take t = +∞ since there is no restriction for the heart (or the β).
• For σ tH,sH+uγ ∈ GC, we cannot take t = +∞. Otherwise, by using equation (2.1), every object would have phase 0 / ∈ (0, 1].
• For σ tH,sH+uγ ∈ DGC, we can take t = +∞, and every object has phase 1.
• For σ tH,s0H+uγ ∈ DUW, note that t is any positive number. In particular, we can take t = +∞. The heart will not change and every object has phase 1.
Let us compute the limit cases of w ω,β in Lemma 3.4. We only care about w ω,β up to a positive scalar.
• Let σ tH,sH+uγ ∈ SC. In this case, ch 0 = 0 and ch 1 .H > 0. By using equation (2.2), we have ℑZ(ch) = tch 1 .H > 0 and ℜZ(ch) = −ch 2 + ch 1 .β. We can take t = +∞ and obtain w ∞H,β R+ === (0, 0, −1).
• Let σ tH,sH+uγ ∈ DGC. In this case, ch 0 < 0. We can take t = +∞ and obtain
• Let σ tH,s0H+uγ ∈ DUW. In this case, ch 0 < 0 and s = s 0 = ch1.H ch0H 2 . Since ℑZ(ch) = 0 (this is the reason why we take s = s 0 ), we have ℜZ(ch) < 0 and obtain
Proposition-Definition 4.10. Fix the triple (H, γ, u) as in Section 2.5. Take ω = tH, β = sH + uγ and consider the stability conditions in Π (H,γ,u) . We extend the definition of walls to the case t = +∞. In sum, the dual Uhlenbeck wall can be touched from the dual Gieseker chamber, i.e. we can move a stability condition in DGC continuously to a stability condition at DUW. However, the Uhlenbeck wall together with the horizontal half-line (s < s 0 , t = +∞) cannot be touched from the Gieseker chamber. 
Proof. By Lemma 4.4, M σ∈SC (ch) = M (α,ω) (ch). So a universal family E over M σ∈SC (ch)) exists. By moving σ from the Simpson chamber to the Simpson wall and applying Theorem 3.1, we obtain the nef line bundle L 0 := θ SC,E ((0, 0, −1)) and above morphism.
The above morphism is the well-known "support morphism", which maps a pure 1-dimensional sheaf E to its support Supp(E). By the above assumption on the existence of M (α,ω) (ch), we obtain a natural scheme-structure on M σ∈SW (ch). Any object E ∈ M σ∈SW (ch) is of phase 1/2 and therefore semistable. If E ∈ M σ∈SW (ch) is not stable, we use its support information to decompose E. Note that for any sequence 0 → F → E → G → 0 in A σ∈SW , the objects F and G are still pure sheaves of dimension 1. Denote the support of the sheaf E by Supp(E) = ⊔C i . Let m i be the maximal integer such that there is
and Supp(G) = Supp(E) − C i . We may further decompose G.
By Corollary 2.13, the duality functor (·)
Example 4.12. (Woolf [Woo13] ). Let S = P 2 . Denote N (µ, χ) the moduli space of Simpson semistable pure 1-dimensional sheaves on P 2 with Hilbert polynomial χ(E(m)) = µm + χ. Denote H ∈ P 2 the hyperplane divisor. Then N (µ, χ) ∼ = M σ∈SC (ch), with ch = (0, µH, χ− 3 2 µ). There is an isomorphism N (µ, χ) ∼ = N (µ, χ+ µ) by the map of tensor line bundle E → E ⊗ O P 2 (1). The duality functor gives the isomorphism N (µ, χ) ∼ = N (µ, −χ). The support morphism is f : N (µ, χ) → P(O P 2 (µ)), which is an isomorphism if µ = 1 or 2. So we assume that µ ≥ 3 and 0 ≤ χ ≤ µ 2 . The scheme-structure of the P(O P 2 (µ)) is originally given by the fitting ideal theory. We also obtain the natural scheme-structure by
, and forms one boundary of nef cone Nef (N (µ, χ) ). The Picard number of N (µ, χ) is 2. The other boundary of Nef(N (µ, χ)) will be given in Example 5.3. 4.6. A wall-crossing proof of the existence of the Gieseker-Uhlenbeck morphism.
Proposition 4.13. Fix ch with ch 0 < 0, and assume that −ch * satisfies the condition (C) as in Assumption 4.5. Then there is a natural morphism induced by the nef line bundle θ DGC,F (m(H, ch)):
Proof. With the assumption (C), M := M σ∈DGC (ch) Φ = = = M σ∈GC (−ch * ) exists as a coarse moduli space, with the universal family F . By moving σ from the dual Gieseker chamber to the dual Uhlenbeck wall and applying Theorem 3.1, we obtain the nef line bundle θ DGC,F (w σ∈DUW ) and above morphism.
Corollary 4.14. Fix ch with ch 0 > 0 and assume that ch satisfies the condition (C) as in Assumption 4.5. Then we have the classical Gieseker-Uhlenbeck morphism
Proof. The classical construction is given by J. Li [Li93] . The hidden structure is clear by introducing the derived categories. Now −ch * satisfies the assumption of the Proposition 4.13. Denote E a universal family over M σ∈GC (ch) and denote F the dual universal family over M σ∈DGC (−ch * ). Define H := θ DGC,F (m(H, −ch * )). The morphism π is just induced by H as the following diagram:
where we use Lemma 2.12 and Lemma 4.6 for the left vertical isomorphism, and we use Lemma 4.7 for the right vertical isomorphism. 4.7. Classical twisted Gieseker wall-chambers. By Remark A.7, we change the (α, H) in the classical twisted Gieseker wall-chambers. Assume that (α, H) 0 is on a wall, and (α, H) ± are in the adjacent different chambers. Then the following classical results can be understood by changing the Bridgeland stabilities and using Bayer-Macrì's theory:
where the last line was constructed by Hu and Li [HL95] . The notation (H) 0 means the ample line bundle in the pair (α, H) 0 . We have similar notations for (H) ± . Since (α, H) 0 is a wall in the twisted Gieseker wall-chamber structures, (H) 0 , (H) + and (H) − could be equal. Yoshioka [Yos14, Section 5.2] obtained the same results. The wall-chamber structures in the large volume limit are summarized in Table 1 . Let σ ∈ Stab † (S). We may further assume σ = σ ω,β after a group action. Since ℧ Z is already computed in equation (2.13), and w σ R+ === I(℧ Z ), we give a refined decomposition for the local Bayer-Macrì map in Theorem (5.6).
5.1. Computation. Let us compute the following two terms which appear in Lemma 3.4 by using Maciocia's notation. The computation will be used later.
Lemma 5.1. We have the following two relations: 
. Then w σ∈W (ch,ch ′ ) has a decomposition:
where (0, 0, −1), t(0, ch 1 , ch 2 ) ∈ v ⊥ . Moreover r = ch ′ 0 = 0 and the coefficient of (0, 0, −1) is expressed in terms of potential destabilized Chern characters ch ′ = (r, c 1 H + c 2 γ + δ ′ , χ):
Proof. The Mukai vector v is (0, ch 1 , ch 2 − 1 4 ch 1 .K S ). So (0, 0, −1) ∈ v ⊥ . To show t(0, ch 1 , ch 2 ) ∈ v ⊥ , we compute the Mukai bilinear form: We extend the equations (5.5, 2.21) to the case r = 0. Then D = R 2 − C 2 = +∞ since the center C is fixed and the radius R is +∞. The wall is nothing but the Simpson wall SW: t = +∞. So the equation (4.6) is the limit case of equation (5.4).
The coefficient χ−gCc1+udc2 r in equation (5.6) is important for computing nef cone and effective cone of the moduli space M σ (ch). For generic stability conditions, the rank of the image of the Bayer-Macrì map is 2.
Example 5.3. We continue Example 4.12 [Woo13] . Since the Picard group of P 
Notation 5.8. Assume ch 0 > 0. Denote
for a line bundle L on S. Denote (5.11)
If we can identify the Néron-Severi groups as in Section 3.5, then we regard L and B as line bundles on any birational models if there is no divisorial contraction.
Since we assume ch 0 = 0 in Theorem 5.6, without loss of generally, we can further assume ch 0 > 0. Otherwise, we just apply Φ. The geometric meaning of the decomposition in Theorem 5.6 is given as follows.
Theorem 5.9. Fix ch with ch 0 > 0 and assume there is a flat family E. (For example, this holds if ch satisfies the condition (C) as in Assumption 4.5). Assume that U ω (ch) is positive dimension. And assume that we can identify the Néron-Severi groups as Section 3.5. Then
The line bundle ω induces the GU morphism from the (α, ω)-Gieseker semistable moduli space M (α,ω) (ch) to the Uhlenbeck space U ω (ch). The divisor B is the α-twisted boundary divisor of the induced GU morphism. In particular, in the case of α = 0, the divisor B 0 := −θ σ,E (u(ch)) is the (untwisted) boundary divisor from the ω-semistable Gieseker moduli space M ω (ch) to the U ω (ch). Moreover, if σ ω,β is a generic stability condition (i.e. not in a wall with respect to ch), then the image of the Bayer-Macrì map in NS(M σ ω,β (ch)) is of rank one more than the Picard number of the surface.
Proof. With the Assumption 4.5, the flat family E exists. The GU morphism from the (α, ω)-Gieseker semistable moduli space M (α,ω) (ch) to the Uhlenbeck space U ω (ch) also exists, and is induced by the line bundle H as in Corollary 4.14. Since ω = tH with t > 0, line bundle ω also induces the GU morphism, and the remaining B is the boundary divisor. If σ ω,β is in a chamber with respect to ch, we can perturb ω in the ample cone Amp(S) and still get a generic stability condition in the same chamber. So the image of the Bayer-Macrì map in NS(M σ ω,β (ch)) is of rank one more than the Picard number of the surface.
Remark 5.10. Can every line bundle on moduli space be written as determinant line bundle? The author learnt this interesting question from Bayer at UIC workshop on Bridgeland stability conditions (2013). The question is asking the surjectivity of the local Bayer-Macrì map, and we already know the image of the local Bayer-Macrì map, which partially answers the question. If ρ(M σ ω,β (ch)) = ρ(S) + 1, then every line bundle on the moduli space is the image of a Bayer-Macrì map. In particular this is true in the case of ch = (2, ch 1 , ch 2 ) with ch 2 ≪ 0 by Li [Li96] , and in the case of Hilbert scheme of n-points by the classical work of Fogarty [Fog68] .
The equation (5.13) gives a direct link of the ample cone of the surface to the ample cone of the moduli space, which links the geometry of surface to the geometry of the moduli space. Let ω run over the ample cone of S. Then the image ℓ ω,β gives partial of ample cone of the moduli space. It is interesting to ask if the full ample cone of the moduli space can be obtained in this way by knowing the surjectivity of the local Bayer-Macrì map.
Example 5.11. If ch = (1, 0, −n), then the Gieseker-Uhlenbeck morphism is the Hilbert-Chow morphism h : S
[n] → S (n) , which maps the Hilbert scheme of n-points on S to the symmetric product S (n) . In particular, H = −θ GC,E (0, H, − Given the α-twisted ω-semistable Gieseker moduli space M := M (α,ω) (ch), we could run the minimal model program, e.g. the stable base locus decomposition of the pseudo-effective cone of divisors Eff(M ) [HK00] . Choose an effective divisor D on M , if the section ring
is finitely generated, then there is an induced rational map
which is regular outside B(D) := ∩ m≥1 Bs(|mD|), the stable base locus of D [Laz04, Definition 2.1.20]. On the other hand, Bridgeland conjectured that changing Bridgeland stability conditions also produce birational models of M . The two aspect of birational geometry of M are tightly linked by the observation/speculation of Arcara, Bertram, Coskun, Huizenga [ABCH13] in the case of P 2 , as well as the work of Bayer and Macrì [BM14a, BM14b] in the case of K3. We give the following correspondence by assuming the existence of the universal family. 6.1. A precise correspondence from Bridgeland walls to Mori walls for geometric Bridgeland stability conditions. We recall notations in Section 2.5. Fix a triple data (H, γ, u), where H is an ample divisor on S, γ ∈ H ⊥ and u is a real number. Take ω = tH and β = sH + uγ. Fix ch = (ch 0 , ch 1 , ch 2 ) with ch 0 > 0.
Theorem 6.1. (The Bridgeland-Mori correspondence for geometric Bridgeland stability conditions and ch 0 > 0.) With notations as above and assume that ch 0 > 0. Assume there is a flat family E. Then there is a correspondence from the Bridgeland wall W (ch, ch ′ ) on the half-plane Π (H,γ,u) with center C σ (ch, ch ′ ) to the nef line bundle on the moduli space M σ (ch):
where B 0 is the (untwisted) boundary divisor from the ω-semistable Gieseker moduli space M ω (ch) to the U ω (ch).
Proof. This is a direct computation, where B 0 is given in Theorem 5.9.
. by equations (5.1, 5.12)
Remark 6.2. The problem about the projectivity of M σ (ch) and the problem about the finitely generation property of the section ring of ℓ σ , both of them are unknown in general, are related.
Remark 6.3. The above correspondence is only for numerical geometric stability conditions σ ω,β ∈ Stab † (S) (Remark 2.9). Toda [Tod13, Tod14] constructed new Bridgeland stability conditions which are not geometric, by using the tilting of perverse coherent sheaves. He studied the simplest invariants ch = (0, 0, 1), yet obtained quite interesting birational geometry of surfaces. It is interesting to study birational geometry of Bridgeland moduli spaces for stability conditions beyond the geometric stability conditions. 6.2. A problem raised by Arcara-Bertram-Coskun-Huizenga [ABCH13] . Arcara, Bertram, Coskun, Huizenga studied the Hilbert scheme of n-points on the projective plane P 2 and gave a precise speculation between the Bridgeland walls and Mori walls.
Problem 6.4. [ABCH13] Let S = P 2 and ch = (1, 0, −n) with integer n ≥ 2. Let h : S
[n] → S (n) be the Hilbert-Chow morphism, which maps the Hilbert scheme to the symmetric product. Denote H := h * (O S (n) (1)) and B := {ξ ∈ S [n] | |Supp(ξ)| < n} the boundary divisor h. Let x < 0 be the center of a Bridgeland wall in the (s, t)-plane Π (H,0,0) . Let H + 1 2y B, y < 0, be a divisor class on S
[n] spanning a wall of the stable base locus decomposition. Arcara, Bertram, Coskun, Huizenga speculated that the transform x = y − 3 2 gives a one-to-one correspondence between the two sets of walls for any integer n ≥ 2 without any restriction on x and y.
They [ABCH13] showed that the above speculation holds for n ≤ 9 or when x and y are sufficiently small. There are some recent progresses by the work of Coskun, Huizenga, Woolf [CHW14] and the work of Coskun, Huizenga [CH14] . The speculation was further generalized to other rational surfaces by Bertram and Coskun [BC13] . We give a positive answer to Problem 6.4.
Corollary 6.5. Let S = P 2 and denote H the hyperplane divisor on P 2 . Fix ch with ch 0 > 0 and assume ch satisfies the condition (C) as in Assumption 4.5. Then there is a relation (6.2) ℓ σ∈W (ch,ch ′ ) = − C σ (ch, ch
where H is the nef divisor on M (α,ω) (ch) which induced the Gieseker-Uhlenbeck morphism, and B 0 is the untwisted boundary divisor of the GU morphism. In particular, if ch = (1, 0, −n), then H = H and B 0 = 1 2 B. Proof. Recall that Pic(P 2 ) ∼ = ZH for the hyperplane divisor H and K P 2 ∼ = −3H. So γ = 0. Moreover, M (α,H) (ch) is a Mori dream space [BMW13] . The proof follows by using equation (6.1) and Example 5.11. Definition A.2. Let α ∈ Pic(S) ⊗ Q and assume that ω is an ample divisor. For E ∈ Coh(S), we denote the leading coefficient of χ(E ⊗ α ⊗ ω ⊗m ) with respect to m by a d . A coherent sheaf E is said to be α-twisted ω-Gieseker-stable (α-twisted ω-Gieseker-semistable respectively) if and only if for all F E (for all F ⊂ E respectively),
for m ≫ 0.
We shall use the brief notation (α, ω)-Gieseker (semi)stability for the α-twisted ω-Gieseker-(semi)stability.
Remark A.3. Fix an ample divisor H and take ω = tH. It is easy to check (by the proof of Lemma A.5) that (α, tH)-Gieseker (semi)-stability is independent of the positive number t. Without loss of generality, we assume t ≫ 0. Therefore, in the rest of the paper, when we use the notion (α, ω)-Gieseker (semi)stability, we always assume that ω 2 ≫ 0.
By the Hirzebruch-Riemann-Roch theorem, we obtain ξ ω,β (E) := ch 2 (E) − ch 1 (E).β ω.ch 1 (E) , ν β (E) := ch 2 (E) − ch 1 (E).β ch 0 (E) .
Lemma A.5. Choose an ample line bundle ω with ω 2 ≫ 0 and take (A.6) α := −β + 1 2 K S , then for E ∈ A ω,β ∩ Coh(S) = T ω,β , we have the equivalent relation (A.3) ⇐⇒ (2.4), i.e. (α, ω)-Gieseker (semi)stability is exactly the same as σ ω,β -Bridgeland (semi)stablility for E ∈ T ω,β with ω 2 ≫ 0.
Proof. The lemma is well-known (e.g. [Bri07, Section 14]). We sketch the proof. We still use the short notation ch i = ch i (E). Since E ∈ T ω,β , we know ch 0 ≥ 0. Let us consider (α, ω)-Gieseker (semi)stability. If ch 0 = 0, they are known as Simpson (semi)stability. Case 1: ch 0 = 0 and ω.ch 1 = 0. In this case, E is supported on points, so we have a d = a 0 , and χ(E⊗α⊗ω ⊗m ) a d (E) = a0 a0 = 1. So E is (α, ω)-Gieseker semistable (for any α). Case 2: ch 0 = 0 and ω.ch 1 = 0. Since E ∈ T ω,β we have a d = a 1 = ω.ch 1 > 0, and
− m = ch 2 − ch 1 .β ω.ch 1 = ξ ω,β .
Case 3: ch 0 > 0. In this case we have a d = a 2 = 1 2 ch 0 ω 2 . Recall the Mumford slope µ ω (E) in equation (2.5). Then by using equation (A.4), the relation (A.3) is equivalent to Subcase 3.a: µ ω (F ) < µ ω (E); or Subcase 3.b: µ ω (F ) = µ ω (E) and ν β (F ) < (≤)ν β (E). Let us consider Bridgeland (semi)stability. Case 1: ch 0 = 0 and ω.ch 1 = 0. In this case, E is supported on points so ch 2 > 0 and φ(E) = 1. So E is Bridgeland semistable (for any β).
